Abstract. In the standard model the (Brout-Englert-)Higgs quartic coupling becomes negative at high energies rendering our current electroweak vacuum metastable, but with an instability timescale much longer than the age of the Current Universe. During cosmological inflation, unless there is a non-minimal coupling to gravity, the Higgs field is pushed away from the origin of its potential due to quantum fluctuations. It is therefore a mystery how we have remained in our current vacuum if we went through such a period of inflation. In this work we study the effect of top quarks created gravitationally during Inflation and their effect upon the Higgs potential using only General Relativity with minimal couplings and Standard Model particle physics. We show that there are regions of parameter space still compatible with LHC observations where such modifications to the potential would prevent the Higgs from passing over the barrier to the unstable regime during 60 e-folds of Inflation. The effect of the fermions can change the values of r T which lead to instability by more than 100% meaning that the Electroweak vacuum during inflation is slightly less unstable than we previously thought.
Introduction
The measurement of the actual Higgs and the top quark masses at the LHC and other colliders [1] [2] [3] lead to an interesting effect when one calculates their Renormalisation Group running in that the quartic Higgs self interaction coupling λ becomes negative above around 10 10 GeV [4] [5] [6] [7] . This high energy scale cannot be probed at current colliders but is much smaller than the Planck mass and in a region where all the couplings remain perturbative, so there is no reason not to take this extrapolation seriously. Taking the central observed values for the Higgs mass (m h ), the top quark mass (m t ) and the strong coupling constant (α s ) from [8] , a calculation [6] of the running of λ and y t is shown in Figure 1 The implication of this is clear, in the absence of physics beyond the Standard Model affecting the running of the coupling constants, our current electroweak vacuum is metastable [9] [10] [11] [12] [13] [14] . Fortunately when one calculates the lifetime for tunneling into the true vacuum above 10 10 GeV, one typically obtains numbers which are many orders of magnitude larger than the age of the Universe [5] . One might expect therefore that this unusual behaviour of the running at high scales is little more than a curiosity, however this situation changes when one considers the early Universe.
For several decades the leading hypothesis for the earliest stages of the evolution of the Universe has contained a period of cosmological inflation where the scale factor expanded exponentially, solving many cosmological problems and explaining the origins of astrophysical structure formation across many orders of magnitude in physical scale [15] [16] [17] . While inflation has its own fine tuning problems (see attempts to address and recast some of these here [18] ) there are not many compelling alternatives to inflation which have a simpler or even equally simple mathematical consistency.
Fluctuations in the Higgs field during inflation lead to stochastic growth in its expectation value which could push it to the region of instability at around 10 10 GeV [19] 1 . The Universe would then seemingly be overwhelmed by an anti-de Sitter region which would subsequently collapse, allowing no possibility of our being here today [4, 13, [22] [23] [24] . Because of this, there appear to be tight constraints upon the absolute scale of the expansion rate H during inflation in order to evade instability. This corresponds in a one-to-one fashion upon the magnitude of primordial gravitational waves which might be generated during inflation [25] [26] [27] , which is parametrized by the tensor to scalar ratio r T .
What we propose in this paper is to take into account for the first time the gravitational particle production of fermions during Inflation, in particular the top quark which has the strongest interaction with the Higgs field. The energy density of fermions produced during Inflation grows proportional to their mass [28] , and since top quarks have a Yukawa coupling y t of order unity, their mass is given by the Higgs vacuum expectation value (vev) m t ∼ y t · h. The interaction term in the Lagrangian of the SM for the case of the Higgs and the top fermions is:
So as the Higgs field is pushed to higher values, the mass of the top quarks will increase and the production of fermions will also increase, meaning that the contribution from the fermionsψψ to the Higgs potential will also rise. We aim to show that there are situations where this contribution to the potential can make the difference between stability and catastrophic collapse during inflation.
The paper is organised as follows, Section 2 reviews the instability of the electroweak vacuum during inflation. Section 3 will describe the particle production of massive fermions in a de-Sitter background and their subsequent modification of the Higgs potential in the case of top quarks. In Section 4 we study the stability of the Higgs taking in consideration this effect before discussing the results in Section 5
The Instability of the Electroweak Vacuum during inflation
In this section we will review the normal arguments which explain why a period of inflation is dangerous for the stability of the electroweak vacuum given the fact that the quartic coupling runs to negative values at high scales.
There is some discussion in the literature about the best choice of the scale µ and its relationship with the Higgs field expectation value h when working with the Higgs in the Early universe. It was recently proposed [29] that when studying a quantum field in a curved space-time background, in order to cancel the logarithmic divergences that arise in the potential at 1-loop order, the choice of the scale µ is different from the choice that is usually assumed for the same situation in a flat space-time background where µ ≈ h is chosen [4] . In this work the results do not depend strongly on these two different choices of the scale but for definitiveness we choose to set the scale of the running as:
being h the Higgs vev and H =ȧ/a the Hubble parameter.
What is more widely agreed on is that during Inflation, short wavelength fluctuations behave as classical noise acting on the dynamics of the Higgs field on super-Hubble scales and these fluctuations can be described using the Langevin equation [30] :
Using this equation we can study how the expectation value of the Higgs field h 2 evolves with N e -the number of e-folds of Inflation (dN e = d ln a, where a is the scale factor). The evolution is due to a combination of two effects, the first is given by the classical equation of motion, where V (h) is the differentiation of the Higgs potential with respect to the Higgs vev and the second is due to the stochastic noise, where ξ is a Gaussian white noise with zero mean and unit variance. The Langevin equation is only valid for a light field V H 2 . If the Higgs is initially at the origin (h = 0), the stochastic term dominates over the classical term and on average the Higgs vev after N e e-folds of inflation would be
until the classical term becomes as large as the stochastic term, which in the classical picture occurs after N e = 1/ √ λ, and the Higgs would then acquire an equilibrium value given by
this is only valid if λ > 0 (and constant), in the case that λ is not positive, then the Higgs vev motion would be unbounded. Note we are assuming here and throughout that the Higgs field starts at the origin 60 e-folds before the end of inflation. This assumption is somewhat important, but so long as h starts somewhere below H we expect very similar results. If h starts with a very high value, then a different kind of analysis would have to be performed.
Therefore, even if we only assume 60 e-folds of de-Sitter expansion, on average the value of the Higgs vev is going to be close to the energy scale of Inflation (h ≈ H) and the running of the Higgs self interaction λ(µ) ≈ λ(H). If the energy scale of Inflation is higher than the scale at which λ = 0 then the Higgs field would move into the unstable region [4, 13, 22] . From the non detection of CMB polarisation associated with primordial gravitational waves (r T < 0.12) [31] we can set an upper bound on the energy scale of Inflation H < 10 13 GeV and since the instability scale is around µ = 10 10 GeV [4], we will focus on this energy interval H = 10 10 − 10 13 GeV.
There are many possible alternative solutions to this problem of combining inflation with the standard model. However, unlike what we are proposing here, they all invoke new physics, the most obvious and well studied are a simple coupling between the Higgs field and the inflaton [22, [32] [33] [34] and a non-minimal coupling between the Higgs field and the Ricci Curvature [29, 35] The maximum value for the tensor perturbations as measured from CMB B-mode observations is r T < 0.12 [31] , therefore a scale of inflation large enough to force the Higgs to develop an instability is still entirely compatible with CMB data. In fact for the central values of m H , m t and α s , a value of r T larger than 2.5 × 10 −8 would lead to an instability in less than 60 e-folds of inflation, see Figure 2 . The next generation of detectors aims to achieve an accuracy of r T 10 −3 [36] [37] [38] which means it is still a technical challenge to study values of r T small enough to draw definitive conclusions about the Higgs potential, so our calculation is set out in the spirit of optimism for the future.
Having explained the problem and shown that for inflation with r T > 10 −10 the electroweak vacuum can be unstable, we now move on to consider the gravitational production of fermions and how this might change this situation.
Massive fermion production
In this section we consider how fermions, in our case top quarks, can be produced gravitationally and what effect they will have upon the Higgs potential. Here we follow closely the work of [28] .
It is now widely agreed that the fact that the definition of vacuum for a field in a curved space-time background is not unique leads to the production of particles [39] [40] [41] . In particular here we study a fermionic field that has been expanded in a helicity basis, ψ = i a i U i +b
where k is the momentum, r = ±1 is the helicity, hk ,r is the helicity 2-spinor and u A , u B are the temporal part of the field as a function of the conformal time adη = dt that solves the Dirac equation [28] :
Since the choice of the orthonormal basis is not unique, we could define a different basis
The vacuum state is defined by a i |vac = b i |vac = 0, so in the tilde basis, the number of particles measured over the initial (no-tilde) vacuum state is
where the relation between the two vacuum states is linear and parametrised by the Bogoliubov coefficients (α k ,β k ):
Defining the initial basis with the index 'in' and the tilde basis in which we measure the number of particles of the initial vacuum state as 'out', one obtains the following relation:
The 'out' is set to be the instantaneous vacuum state (zeroth-order in adiabatic expansion), it can be obtained by using the WKB approximation.
where w 2 = k 2 + m 2 a 2 and due to the normalization of the modes, |α k | 2 + |β k | 2 = 1. A vacuum state is defined as α = 1 and β = 0. This is solution to (3.2) in a Minkowski space-time where the scale factor is constant and there is no particle production, that is why is called the instantaneous vacuum, because as the scale factor changes with time, this vacuum would measure a different number of particles.
The 'in' state is the Bunch-Davies vacuum state for a perfect de-Sitter background solution to (3.2), with a(η) = −1/Hη [42] .
in the limit a → 0 (η → −∞) agrees with the WKB solution (3.5) at that time, therefore at the beginning there are no particles since both states coincide with α = 1 and β = 0. The production of heavy fermions, m H, is exponentially suppressed by their mass (1 + e 2πm/H ) −1 but for the case of light fermions, |β k | 2 = 1/2 is constant up to k/a = m as shown in Figure 3 .
The quantity we are interested in is the expectation value of an initial vacuum state for the regularized product ψ ψ and using (3.5) this takes the form
where the subscript p stands for physical quantities, so k p = k/a, w p = w/a In this way we can obtain the expectation value for a massive fermion during Inflation as a function of its mass as showed in Figure 4 
Addition to the Higgs potential
The full Lagrangian that determines the dynamics of the Higgs field is
where the spin- The mass of the fermions is of course explicitly given by the Higgs expectation value. This coupling through the Yukawa coupling y t also leads to a term in the equation of motion for h which is proportional toψψ and therefore the fermions change its dynamics. The addition to the Higgs potential coming from the production of fermions is (using the result obtained in (3.8))
In the case that the Higgs vev is small enough, the top quarks contribute to the potential as a modification to the effective self coupling λ ef f = λ + 0.04y 4 t and then so as long as 0.04y 4 t > λ there is no possibility of having an instability. However, as the Higgs vev increases, the top quarks become heavy, are eventually produced less during inflation and they then contribute to the Higgs potential as an effective mass term 0.001 · (y t H) 2 , this term is (only) going to be relevant if the Higgs vev is not much bigger than the Hubble parameter as we will study later.
The main difference in comparison with the calculation in Section 3 is that the fermion mass is not a constant but it now depends on the Higgs vev. The relevant term in (3.2) is
a(η) which clearly varies as h changes. We need to establish if assuming that the mass is constant is a good approximation so as to trust our calculation. To do this we need to compare the variation with time of the Higgs field with that of the scale factor and ensure that h h a a , where ≡ d dη . We look at this assumption in more detail in Appendix A. The variation with time of the yukawa coupling is not considered since it would come from its running but it should be close to zero since we are assuming close to perfect de-Sitter and µ ≈ H. If we assume that the renormalisation scale µ is given by h and not H then the only difference will be a larger value of y t during the first e-fold of inflation, but during that time the top quarks are almost massless (h H) and then its production negligible, so we don't expect the calculation to be sensitive to this choice. The Higgs will jump stochastically due to quantum fluctuations and in one e-fold the size of a single quantum jump is H/2π [43] , therefore
and from the definition of the Hubble parameter a = Ha 2 .
Then the assumption of having a constant mass in this case is rewritten such that
and from (2.3) this is true after the first e-fold. Before that, the Higgs vev is close to zero, making the fermion almost massless, and since the production of the fermions is proportional to their mass, it is safe to neglect the production from the time when the (3.12) does not hold.
We have shown in this section that the gravitationally produced top quarks will contribute to the Higgs potential either quartically or quadratically depending upon the higgs vev. In the next section we will study how this might affect the stability of the electroweak vacuum during inflation.
Stability study
There are two different possibilities for the Higgs potential depending on the Higgs vev from (3.10) and there are two predicted values for the Higgs vev that can be relevant during Inflation, (2.3) and (2.4). For (2.4) to be valid λ needs to be positive and since we are interested in the regime where λ ≤ 0, we will take the Higgs vev from (2.3) and evaluate it after 60 e-folds of Inflation. Since the Higgs vev is evaluated at least 60 e-folds after the start of Inflation, then from (2.3) we can say that h/H ≥ 1.23, so unless y t ≤ 0.25, after 60 e-folds, the contribution to the potential from the production of fermions is coming for the case of heavy (i.e. m ≥ 0.22H) fermions. The reason we are studying only the top quarks and not other fermions is because their yukawa coupling to the Higgs y i y t , so while they contribute to the Higgs potential like h 4 , they would only be important if their coupling to the fourth power is comparable with |λ|, and that is not case, since it is barely the case for the top yukawa coupling.
Therefore we only focus on the case of the top quark once they are considered as heavy. We only study the stability of the Higgs after 60 e-folds of Inflation since if we wait longer, the negative quartic term is going to dominate over the positive quadratic one making this effect negligible.
For the calculation of the stability after 60 e-folds, the Higgs vev doesn't depend on its potential shape, is always going to be given by (2.3) . The quadratic term is going to give a maximum to the potential for the case that λ is either very small or negative (H ≈ 10 10 − 10 13 GeV, if λ is bigger there is no problem with its stability and we then expect that the quartic term is bigger than the quadratic). So the study of the stability of the Higgs taking in consideration this effect can be simplified to the study of the maximum of the potential
and compare with the Higgs vev after 60 e-folds (h 60 ). If h max > h 60 then we can conclude than on average the Higgs doesn't go over the barrier and to negative potential energies and remains in the region where it can be relaxed to the vacuum energy that we measure nowadays.
Finally our condition for the Higgs stability after 60 e-folds of Inflation is
This is the main result of the paper, where we have recovered the explicit dependence of the coupling constant with the renormalisation scale µ. Now we study how the running of these parameters (λ and y t ) modifies the Higgs stability and compare with the situation where we calculate the stability without the top quarks. The renormalisation scale µ is chosen as in (2.1) and for the Higgs vev after 60 e-folds it is a good approximation to choose µ = H. Therefore (4.2) only depends on the energy scale of Inflation and the values of m h , m t and α s at the scale µ 0 = m z ≈ 100 GeV. We study (4.2) for this parameter space for H = 10 10 − 10 13 GeV (region of interest for the stability) and 1σ deviation from their central values for m h , m t and α s [8] m t = 173 ± 0.4GeV α s = 0.1181 ± 0.0011 m h = 125.18 ± 0.16GeV (4.3)
In Figure 5 we show the extension of the stability in the parameter space of α s and m t as the green area with respect to the blue area which is the parameter space in which the Higgs is stable without the need of the addition of this calculation. Figure 6 shows the increase in the value of r T that will make the Higgs develop an instability for different values of α s . In general the improvement is about ∼ half an order of magnitude. In Figure 7 we show, for the particular case of α s = 0.1181 and m h = 125.18 GeV, the percentage increase in the value of r T required to destabilise the Higgs once upon the addition of the top quarks with respect to the standard picture. It can be seen that this improvement is always larger than 140%. So if in future we are able to measure r T to a good accuracy, the addition of the top quarks to the study of the stability of the Electroweak vacuum will be important. 
Discussion
With only Standard model particle physics, the Higgs field h becomes unstable at renormalisation scale µ > 10 10 GeV and from the non detection of primordial tensor perturbations we know that during inflation H < 10 13 GeV . If inflation occurs with a value of H within this range there is generically a problem with the stability of the Higgs field.
In this work we have showed how without the addition of physics Beyond the Standard Model the gravitational production of top quarks during inflation changes the Higgs potential in such a way as to make it more stable. Higher values of r T are therefore acceptable with this additional effect (see Figure 2) .
Since the Higgs vev gives the quarks their mass, if it obtains a large value during Inflation the fermions become massive and contribute to the Higgs potential as a quadratic mass as showed in (3.10) . This contribution can be large enough to prevent the Higgs being pushed into the true vacuum during Inflation in borderline cases.
It is also clear from the stability study (4.2) that since we haven't added anything new to the SM and there are no free parameters, it seems that there is no apparent possibility of improving these results, but at the very least is possible to extend the stability of the Higgs for values in the parameter space of m h , m t , α s ( Figure 5 ).
The change in the value of r T that gives rise to instability is considerable, with changes of over 100% occurring (Figure 7 ). However the acceptable values of r T change extremely rapidly anyway with small differences in the standard model parameters m H , m t and α s , meaning that a 100% change will only become important if we get to the stage where we can measure extremely small values of r T with very high accuracy.
Nevertheless we find this an interesting and noteworthy effect. Possible future extensions of this work would be to study the evolution of the field numerically to more accurately estimate the change in the stability of the vacuum and also looking at the effect of fermions beyond the standard model to see if there is any way that they would change the situation. In summary, in the Standard Model the Higgs field is unstable during inflation, but slightly less unstable than before this effect is taken into account.
After N e ≈ 1.2 e-folds, e < 1 and it is a good approximation to consider the mass of the fermions constant. So we can conclude that H 2π h let us assume that the mass is constant in comparison with the variation of the scale factor. Analytically this can be seen as h then ω 1 ≈ ω 2 . We therefore argue that for the vast majority of the e-folds of inflation, the approximation we have taken is a good one and for the small period of inflation where the mass is very small, the production of fermions is anyway negligible, as argued in the main body of the article.
